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Memo on the Neural Network formulation
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1 Introduction
This short note is dealing with the leaning process of a Neural Network (NN).

Neural networks are very simple devices with number of numbers: an organisation with
multiple layers help to formalise the equations between layers. By adjusting the numbers
adequately (i.e. the learning process), the outputs of the NN can be used to forecast values.

So, one important process of a NN is the learning process, this is obtained by adjusting the
values of the weights taken into account for output the resulting values of the NN.

This learning process is based on the Gradient Descent principle within a backward
propagation.

This short note is essentially dealing with the evaluation of the gradient, i.e. the partial
derivatives of the error with respect to the weights in each layer. A recurrence form is output
for the implementation of the learning process into a computer code.
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2 Basic sketch of a Neural Network
See first § 5 and §6 below. The following figure is a 4 layers network, adapted from [R 1]:
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Hence, each neurons of layer i depends on number of neurons of previous layer L;_;. N for the size
of the corresponding weights W k=1 to L;_,.N- Those weights cannot be saved in the layer i — 1 because those weights

shall be set independently for each neuron j in layer i.

2.1 Notations for indexes in Neural Network (NN)
s In order to avoid confusions, it is important to distinguish the meanings of the
successive indexes used, particularly for the neuron’s output value y and for the weights
w:
first index for the layer: i the layer index

second index for the neuron: j the neuron index in layer i

y, . second index for the neuron: j the neuron index in layer i
L]

l third index for the neuron in previous layer: k of the layeri — 1
Wi jk
s With a TYPE definition, one set the dimensions of the NN with NL layers to :

Li—1toni-N the number of neurons in layer i
Li=itoni-NNj=1¢o1,n-y  abbreviated here as y; ;

Li=itone-NNj=1 to L,n-Wk=1t01, ,n abbreviated here asw; j
Hence the short “y;_; ,w; j " is the product of the output value of the neuron k in layer i — 1 by
the weight in the neuron j of layer i dedicated to the neuron k of layer i — 1.

3 Main relation of aNN
The main relation of a NN is that the output value y; ; of layer i and neuron j is coming from
the weighted sum of outputs of previous layer i — 1 , where @ is the activation function:

_ _ vLi-1.N _ Li—1.N Eq. 2
Yij = o(vi)) Vij = 2ii Vil Wik Vi = 0Tt v W)

In the same way, for lower layers:

VLN — vLi—1N |
YVi-1,k = ‘P(Ui—l,k)f Vi—1k = Z,lzl YicgaWi-1k1 so |Ui,j =y ‘P(vi—l,k)wi,j,k Eq. 3
and so on down to the second layer and first layer with the inputs of the NN.
— _ vlLi—3N _ Li_p.N
Yi22 = (P(Vi—z,/l) Vi2a = Z,ﬁzl YigmWi-24m Vioik = 2jeq (p(vi—z,/l)wi—l,k,/l

|Ui, j= Zil;llN w(Zii:_f'N (P(Vi—z,,l)Wi—1,k,,1)Wi,j,k| fq.4
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4 Criterium based on the observed error

4.1 Error to be minimized
For the neurons in the last layer i, the error criterium of the overall result is:

L N 2 Li.N
E= o (goal yl-_j) Z] 1 ]2 Eq.5
with goal; the expected result for neuron j and y; ; the signal output: goal; —y; ; = ¢; Eq.6

To adjust the neurons weights to minimize the overall error criteria, each weight shall be

. N o a .
trimmed to follow the opposite direction of the derivative 5 £ (Gradient Descent).

Wi jk

4.2 Gradient assessment: partial derivative with respect to the weights
Let z being the weight with respect to which one want a partial derivative:

LiN 5
1 @LiN o 19|X;L; &) . N )
E = Z—Zjl_l sjz 5 =3 y the partial derivatives are applied to each term of the sum, so:
- zZ zZ
2
OE _ 1 LpN 9€j 95 . 0
—==)""—  which |ves —== i.e.
9z 2 ZJ=1 0z g Z 1 az Z} =18 9z Eq. 7
. .o _ wli N 9vij  @Li_1.NOYi-1kWijk
Because one has for every index i, j : y;; = (vu) k=1 Yi-1kWijr and o 2kt .

the general form of the error can be developed as seen in § 3 (here with 4 sums):

9E _ ZLL'-N O¢j ZLi—l-N 9Yi-1kWijk {5 LizaN 9Yi-2AWi-1,kA ZLi—3-N 0Yi—3mWi—24m 9Vi—3m etc. Eq.8
0z j=17] avi_]- k=1 avi_l_k A=1 avi_z_,l m=1 avi_3_m 0z ’

4.2.1 Case of last layer i
For the last layer i, the weights are z = w, ; ;. , so the development includes the two first sums:

O = yLiN ¢ [ZLl 1N OVi—1kWijk

from eq. 8
awi’jk J= 1 j av awl’ i,k ] ( q )

_ 25— 2u £q.9
sk Note 1: For the last layer, & = goal; — y;; so & = goal; — (vi'j), hence v (-1 o q

s Note 2: y = ¢(v) being a sigmoid, i.e. p(v) = n its derivative is: % =y(1-y).

+e 7V’

sk Note 3: because in the sums overj and k only one term is dependent on w; ; , , thus those sums disappear.

= &(—Dy;;(1 — yi;)yic1k

Hence eventually one gets

_ . aSj .
For a recurrence one sets = 6i,jyi_1'k with §;; = 650, 1€ 81y = (-Dy,;(1-y;;) Eq. 10

Wi jk
4.2.2 Case of lower layers
s For other layers, starting with i — 1, the weights are of the form z =w,_, ., so, from eq. 8,
the development includes 3 sums:

0E zzlji.N '681- ZLi_l.NaJ’i—l,kwi,j,k{ Li_Z.NaJ’i—z,AWi—l,k./l}]
OW;_1 1,2 J=1"J gy j | “k=1 0vi_1k A=1 OW;_1 1,2

And because in the last sums over k and A only one term is dependent on w;_, ; ; , those
sums disappear, but it remains for sure the sum over j :

OF LiN _ 08 0Yi—1kWijk 0Yi2 Wi—12
aWi—1,k/’L j=1 jav” v ik OWi1rn Z] 1 j( 1)%1(1 ylj)lekyl 1k(1 Vi- 1k)y1 2,4
. 0E . . 0g; 0Vi_1 kWi i
The recurrence remains ——— = §;_; ;. V; 5 With §;_,, = 2" g, —L =2k Eq. 11
Wi—1k2 ’ ’ ' J=1 T 9vyy Ovieqk

Li.N 0YVi—1kWijk . _
i.e. 61 1,k — Z} 16i,j I.e. 61’—1,}( _Z 6 Wl.jkyl 1k(1 Yi- 1k)

gy
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#b For other layers i — 2, the weights are of the form z = w;_, 3 ,, so, from eq. 8:

OE ZL N O¢j [ZLL 1N Oy 1kW11k{ Li—p.N ayi—z,/’LWi—Lk,/’L[ Li—3.N ayi—B,mWi—z,/’L,m]}]
Wiz 2m J=1 jav A=1 iz m=1 Wiz 2m

a”l—l,k

And because in the last sums over 4 and m only one term is dependent on w;_, ; .,,, those sums disappear, but
it remains the sums over j and k:

OE LN _ 0¢j [ Li—1.N OYi—1kWijk ]
—_— = Y e LY ey a1 —y;_ i
Wi Am J=1% 3y, ; [#k=1 ik i-1kAVi 2,/1( Vi 2,1)3’1 3m

Thanks to the distributive property of multiplication over addition, Y a;[X, byl = X; Xi a; by = Xy X a;by
Li.N Oir?yl 1,kWijk

one can reorganize the sums for the previous recurrence §;_, , = 2. .-. &
’ ]—1 ]017,:']' avi_l_k

to appears clearly:

LL 1N LiN _ 0&j 0YVi-1kWijk . o .
—6wl o Z Zj:l j vi;  Ovi-ik Wl—l,k,/lyl—z,/l(l yl—Z,/1>yl—3,m
O0E _ Li_41.N
a1 Si—1kWi-1x1Yi-22(1 = Yi—22)Vicam
. 0E _ . Li_4.N
The recurrence remains T = 8i-22Y; 3, With 6,5, = 252 8 Wit 11 Yicaa (1= ¥iaa)
Wi—1.A4m ’ =) ’ - ' n ’ ’

#b For other layers i — 3 and below, the weights are of the form z = w;_5 ., , the recurrence

leN

. . 0E
equatlon remains: = l 3myl 4n Wlth 61 3m _Z I. Z,AWi—Z,A,myi—S,m(l_yi—S,m)

Wi-2,mn
4.3 Gradient descent recurrence form from last layer i down to the second layer
One summarises the following equations suited for a recurrence form:

OF
OWijk

When i is the last layer, = 6i,j Yi—1k With 8;j=-¢ yi,j(l = yi,j)

and for i—1 (so not the last layer), T Oi—1k Vi—2 Oicip = Z 6 PWijkYie 1k(1 Vi 1k) but

while renamingitoi+ 1,ktom, jand Atok, mtoj one gets an obvious form of recurrence:

0E .
When i is not the last layer, P 8;j Yi—1x Wwith 8 =yi;(1- yl])z i+1N g Sivik Witije)
"’]l

4.4 Weights trim recurrence form from first layer up to last layer
—0E

+
previous step U awi e

Wik = (Wi, j,k)

with 1 = n = 0 the learning coefficient. This is the “Delta rule”. The negative sign is needed for the
iterative process to converge to the local minimum error, i.e. in opposite direction of the gradient
direction.

A further form “Generalized delta rule” of the trim equation takes into account a part of the error from
the previous learning step, with 1 = a = 0 a so-called momentum coefficient (form used in [R 2]):

—0E —0E
Wi,j,k:( ,]k) +a n3

previous step R awi,j,k Wi ik

previous step

Hence, this chapter concludes the possible implementation of the backward propagation of errors and
the trim of the weights (i.e. the learning process) in a computer code.

Eq. 12

Eq. 13

Eq. 14

Eq. 15

Eq. 16

Eq. 17

Eq. 18
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5 Artificial neuron rrom Wikipedia, the free encyclopedia

An artificial neuron is a mathematical function conceived as a model of biological neurons in their

neural network with 200 types.

Artificial neurons are elementary units in an artificial neural network.

The artificial neuronv, k=1,n

1. receivesone or more inputsx; i = 1, m (representing synapse excitatory postsynaptic potentials
and inhibitory postsynaptic potentials at neural dendrites)

2. andsumsthem

3. to produce an output y, (or activation, representing a neuron's action potential which is
transmitted along its axon).

4. Butusually each input is separately weighted, wy,; k=1n i=1m

5. and the sum is passed through an activation function ¢ or transfer function (non-linear function).

The transfer functions usually have a sigmoid shape

but they may also take the form of other non-linear functions, piecewise linear L)
functions, or step functions. They are also often monotonically increasing, &

S ol
T+er

Y@=

continuous, differentiable and bounded. Non-monotonic, unbounded and oscillating
activation functions with multiple zeros that outperform sigmoidal and RelU
(Rectified Linear Unit) like activation functions on many tasks have also been recently
explored. B S

The thresholding function has inspired building logic gates referred to as threshold logic;

applicable to building logic circuits resembling brain processing.

For example, new devices such as memristors have been extensively used to develop such logic in recent times.[2l

The artificial neuron transfer function should not be confused with a linear system's transfer function.

6 Basic structure

For a given artificial neuron k, let there be m inputs with signals x. through x. and weights wx
through win.

The output of the k™" neuron is, with ¢ phi the transfer
function (commonly a threshold function):

The output is analogous to the axon of a m
biological neuron, and its value propagates . Yp = ¢ Z Wij T;
to the input of the next layer, through a ! j=1
synapse. It may also exit the system, possibly 2z

as part of an output vector. z3 f(') v

It has no learning process as such. Its transfer " ©

function weights are calculated and

threshold value are predetermined. Tom
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